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Abstract—In this correspondence, we study the uplink ergodic net
throughput of a spatially correlated reconfigurable intelligent surface
(RIS)-aided cell-free (CF) massive multiple-input multiple-output (MIMO)
system over Rayleigh fading channels. We investigate the impact of the
generalized maximum ratio (GMR) combining and obtain the closed-form
expression for characterizing the uplink net throughput revealing that
the GMR can double the system performance compared with the maxi-
mum ratio (MR) in our system. Then, we compare the performance and
complexity of the MR, GMR, and large-scale fading decoding (LSFD).
Moreover, we consider a practical fractional power control to mitigate
the inter-user interference. The obtained interesting results show that the
system performance decreases with the increasing number of RIS elements.
It reveals that efficient interference cancellation processing is needed to
cope with severer pilot contamination brought by the large number of RIS
elements to improve the system performance. Finally, the accuracy of our
derived analytical results has been verified by Monte-Carlo simulations.

Index Terms—Reconfigurable intelligent surface, cell-free massive
MIMO, generalized maximum ratio, spatial correlation, fractional power
control.

I. INTRODUCTION

Cell-free (CF) massive multiple-input multiple-output (MIMO) has
recently been introduced as a promising future technology for enabling
beyond-5G wireless communication systems [1]. However, in some
practical scenarios with harsh communication environments such as
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large obstructions or poor scattering environments, the received signal
strength may drop sharply and the promised CF Massive MIMO gain
cannot be achieved for quality of service (QoS) provisioning [2]. Mean-
while, reconfigurable intelligent surface (RIS) has recently emerged as
a promising new technology to realize reconfigurable wireless chan-
nels/radio propagation environment [3]–[6]. Specifically, with massive
reflective and refractive elements at RIS, effective passive beamforming
can be performed by altering the phase of the reflected impinging
signals. Besides, RIS has the advantages of low power and low cost
which can be flexibly deployed assisting users with poor channel
conditions to improve communication quality [7]–[9].

Recently, to further increase the capacity of CF network, the combi-
nation of CF massive MIMO and RIS has been advocated by leveraging
their individual advantages jointly. For example, in [10], the authors
proposed a joint precoding framework for RIS-aided CF massive
MIMO systems to improve the system capacity, which designs an
alternating optimization-based scheme to address the non-convex RIS
beamforming problem. Furthermore, in [11] the authors introduced an
RIS-aided CF wireless energy transfer framework to improve the sys-
tem energy efficiency and the communication quality. However, none
of the aforementioned studies considered the existence of spatial corre-
lation of RIS elements that may affect the system performance [12].
To handle this problem, the authors in [2] proposed an aggregated
channel estimation method and considered the performance of a single
spatial correlation RIS-assisted CF massive MIMO systems. Although
the use of the maximum ratio (MR) combining at the CPU in [2]
has low computational complexity, its performance is unsatisfactory.
On the other hand, one can utilize the minimum mean square error
(MMSE) scheme at the AP for improving the system performance.
Yet, it incurs exceedingly high computational complexity due to the
involved high-dimensional matrix inversion [13]. In particular, when a
RIS is equipped with a large number of elements, the computational
complexity increases exponentially, which places higher demands on
the CPU hardware. Thus, it is necessary to apply a low-complexity
processing method that can improve system performance. For this
reason, in [14], the authors proposed the generalized maximum ratio
(GMR) combining in CF massive MIMO which only requires the
large-scale fading information while it can significantly improve the
system performance compared to the MR.

In this work, motivated by the aforementioned observations, we
study the uplink throughput of RIS-aided CF massive MIMO systems
under spatially correlated channels with GMR combining at CPU. More
specifically, we derive closed-form expressions for analyzing the uplink
net throughput of the considered system. The results reveal that the
GMR not only enjoys low complexity, but also offers a significant
performance improvement compared with the MR. In particular, we find
that the system throughput decreases with the increasing number of RIS
elements. Indeed, both pilot contamination and inter-user interference
increase with the number of RIS elements while GMR combining
can only harness the magnified interference to a certain extent. Then,
we compare the performance and complexity of the MR, GMR, and
large-scale fading decoding (LSFD). Finally, we propose a practical and
simple fractional power control (FPC) scheme to enhance the overall
system performance.

II. SYSTEM MODEL

We consider an RIS-aided CF massive MIMO system consisting
of M APs, one RIS, and K UEs. We assume that all APs and UEs
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are equipped with a single antenna and RIS has N reflective elements
which can alter the phases of the reflected impinging signals. All APs
are connected to a CPU via fronthaul links. Without loss of generality,
we adopt the standard time division duplex (TDD) protocol in the
system, where τc is the length of each coherence block. We assume that
τp symbols are utilized for the channel estimation phase and τc − τp
symbols are used for the uplink and downlink data transmission phases.

The direct channel between AP m and UE k is gmk ∈ C. Variable
hm ∈ CN is the channel from AP m to the RIS and zk ∈ CN denotes
the channel from the RIS to UE k. Here, we consider a realistic spatial
correlated channel model among the RIS elements, which is due to the
elements sub-wavelength structure [12]. Since CF is mainly deployed
in urban scenarios with abundant scattering paths, we apply Rayleigh
fading to model the AP-UE, AP-RIS, and RIS-UE channels [2]. As
such, the corresponding channel distributions of gmk, hm, and zk are
given by

gmk ∼ CN (0, βmk) , (1)

hm ∼ CN (0,Rm) , zk ∼ CN
(
0, R̃k

)
, (2)

respectively, where βmk is the large-scale fading coefficient between
AP m and UE k. Rm ∈ CN×N and R̃k ∈ CN×N are the spatial
covariance matrices given by [12]

Rm = αmAR, R̃k = α̃kAR, (3)

respectively, where αm, α̃k are the large-scale fading coefficients
and A = dHdV denotes the area of each element of the RIS. dV
and dH are the vertical height and the horizontal width of each
element, respectively. In particular, the matrix R ∈ CN×N charac-
terizes the spatial correlation of RIS which has the (m,′ n′)-th el-
ement as [R]m′n′ = sinc(2‖um′ − un′ ‖/λ), where λ denotes the
carrier wavelength and sinc(x) = sin(πx)/(πx) denotes the sinc func-
tion. Besides, ux = [0,mod(x− 1, NH)dH , �(x− 1)/NH�dV ]T ,
x ∈ {m,′ n′} is the position vector, where NH and NV denote the
number of elements in each row and column, respectively, such that
N = NH ×NV , andmod(·, ·) is the modulus operation. In this article,
we assume that the RIS is designed as a square structure, while its
numbers of rows and columns are equal, i.e., dH = dV andNH = NV .

The RIS phase shift matrix is written as Φ = diag
(ejθ1 , ejθ2 , . . . , ejθN ), where θn ∈ [−π, π], ∀n ∈ {1, . . . , N} is
the phase shift of the nth RIS element. Thus, the total uplink channel
between UE k and AP m is given by

umk = gmk + hH
mΦzk, ∀m,k, (4)

which consists of a direct link between AP m and UE k and a cascaded
link reflected by the RIS.

A. Uplink Channel Estimation

We estimate the channels independently based on the τp pilot se-
quence transmitted by the K UEs in each coherence block. All UEs
share the τp orthogonal pilot sequences. In particular, φk ∈ Cτp×1 is
the pilot sequence of UE k and satisfies ‖φk‖2 = 1. Let Pk denotes
the index subset of UEs which adopts the same pilot sequence as UE k,
including itself. Specifically, UE k transmits the pilot sequence

√
τpφk

and all K UEs send the pilot sequences to all the M APs during the
uplink channel estimation phase. Stacking the received pilot signals

from all UEs at AP m as yp
m ∈ Cτp×1 :

yp
m =

K∑
k=1

√
pτpumkφk + np

m, (5)

where p is the normalized signal-to-noise ratio (SNR) of each pilot
symbol and np

m ∈ Cτp×1 is the additive noise and is modeled as
np
m ∼ CN (0, Iτp). By multiplying the received signal by φH

k at AP
m, we can obtain the results for UE k as

yp
mk=φH

k yp
m=

√
pτpumk +

∑
k′∈Pk\{k}

√
pτpumk′ + np

mk, (6)

where np
mk = φH

k np
m ∼ CN (0, 1). We assume that the MMSE chan-

nel estimator is used at AP m. From (6), the estimation of umk can be
derived as

ûmk =
(
E

{
(yp

mk)
∗
umk

}
yp
mk

)/
E

{
|yp

mk|2
}
= cmky

p
mk, (7)

where cmk can be obtained as

cmk =

√
pτpδmk

pτp
∑

k′∈Pk
δmk′ + 1

, (8)

where δmk=E{|umk|2}=βmk + tr(Θmk) denotes the second mo-
ment of channel umk and Θmk = ΦHRmΦR̃k [2]. The E{·} and
tr(·) denote the Euclidean norm and the trace operator, respectively.
The estimated channel ûmk has zero mean and the variance is expressed
as

γmk = E
{
|ûmk|2

}
=

√
pτpδmkcmk. (9)

The mean of the estimation error ũmk = umk − ûmk is zero and its
variance can be written as

E
{
|ũmk|2

}
= δmk − γmk. (10)

Note that yp
mk varies across different coherence blocks, whereas δmk

stay as a constant for the longer period time. Also, the estimated channel
ûmk and the error ũmk of estimated channel are uncorrelated but not
independent.

B. Uplink Data Transmission

In this subsection, we consider the uplink data transmission, where
the UEs transmit the uplink data to all APs simultaneously. Then, the
received signal at AP m is given by

yu
m =

√
ρu

K∑
k=1

√
ηkumksk + nu

m, (11)

where ρu is the normalized SNR of each uplink data symbol. ηk denotes
the power control coefficient with 0 ≤ ηk ≤ 1, which is set according
to the large-scale fading information to enhance the spectral efficiency
and will be designed later. sk ∼ CN (0, 1) denotes the uplink signal of
UE k and nu

m ∼ CN (0, 1) denotes the normalized additive noise. We
assume that the considered system adopts the centralized processing
and all APs directly convey the received signals to the CPU for joint
decoding [15]. Different from the previous work in [15], [16], the CPU
adopts the GMR combining method, i.e., vmk = wmkûmk, wherewmk

is the GMR coefficient given later to obtain the uplink data transmission
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symbol by UE k and the combined received signal at the CPU can be
derived by

ruk =

M∑
m=1

v∗mky
u
m

=
√
ρu

∑
k′∈Pk

M∑
m=1

√
ηk′w∗

mkû
∗
mkumk′sk′

︸ ︷︷ ︸
Γ1

+
√
ρu

∑
k′/∈Pk

M∑
m=1

√
ηk′w∗

mkû
∗
mkumk′sk′

︸ ︷︷ ︸
Γ2

+

M∑
m=1

w∗
mkû

∗
mkn

u
m︸ ︷︷ ︸

Γ3

, (12)

whereΓ1 denotes the signals received from all UEs inPk which includes
the pilot contamination and Γ2 denotes the mutual interference from
the UEs that are allocated different pilots with UE k. Γ3 reveals the
effect of noise after the GMR combining method.

III. PERFORMANCE ANALYSIS

In this section, we study the uplink performance of the RIS-aided CF
massive MIMO system and investigate the impact of GMR combining.
In addition, we propose a practical and simple FPC algorithm for the
considered system to enhance the system uplink throughput.

A. Uplink Ergodic Net Throughput

The uplink ergodic net throughput lower bound of UE k can be
obtained by utilizing the use-and-then-forget (UatF) bound [13] as
follows

Ru
k = Bvu

(
1 − τp

τc

)
log2 (1 + γu

k ) , (13)

whereB denotes the bandwidth of the system.vu denotes the proportion
of each coherence time interval used for the uplink data transmission.
The effective signal-to-interference-plus-noise ratio (SINR) γu

k can be
written as follows

γu
k =

|DSu
k |2

E
{
|BUu

k |2
}
+

∑K
k′=1,k′ �=k E

{
|UIuk′k|2

}
+E

{
|NOu

k |2
} , (14)

where

DSu
k =

√
ρuηkE

{
M∑

m=1

v∗mkumk

}
, (15)

BUu
k =

√
ρuηk

(
M∑

m=1

v∗mkumk−E

{
M∑

m=1

v∗mkumk

})
, (16)

UIuk′k=
√
ρuηk′

M∑
m=1

v∗mkumk′ , (17)

NOu
k =

M∑
m=1

v∗mkn
u
m. (18)

In particular, DSu
k represents the strength of the desired signal, BUu

k

represents the uncertainty of beamforming due to the imperfect channel
state information (CSI), UIuk′k denotes the interference between UE k
and UE k′, and NOu

k represents the additive noise after combining.
Note that the closed-form expression for the uplink net throughput is

proved in [2] if the MR combining method is utilized at the CPU, which
is a baseline method for comparison in the following section. In contrast,
we assume that the CPU applies the GMR combining method [14],
i.e., vmk = wmkûmk. We derive the closed-form expression of (14) in
Theorem 1.

Theorem 1: The closed-form expression for the uplink net through-
put of UE k is given by (13), where the SINR is expressed as (19) shown
at the bottom of this page.

Proof: The proof is given in Appendix A. �
Remark We note that in (19), the number of RIS elements affects

both the numerator and the denominator of the SINR. When the RIS
element number increases, the equivalent large-scale fading coefficient
δmk of each UE is improved. Hence, the symbol power received by
each AP becomes stronger for each UE, so as the inter-user interfer-
ence. In particular, the MR/GMR combining method cannot effectively
eliminate the interference between UEs. Therefore, in RIS-aided CF
systems, it applying advanced interference cancellation processing is
needed to cope with the increasing number of RIS elements to improve
the performance.

B. Power Control

In general, the system performance is limited by the near-far effects.
As a remedy, we extend the FPC scheme proposed in [17] to the
considered RIS-aided CF massive MIMO system. Specifically, the FPC
scheme for the RIS-aided CF massive MIMO system relies on the
equivalent large-scale fading coefficients for the current UE, which
capture the connection strength from the UE to all the APs. Inspired by
this, we select the power control factor of UE k as

ηk =

⎛
⎜⎝min

k

(∑M
m=1 εmkδmk

)
∑M

m=1 εmkδmk

⎞
⎟⎠

α

, ∀k, (20)

where δmk is given in (8) and 0 < α < 1 denotes the fractional power
control parameter. εmk takes different values according to the MR and
GMR combining method, which are 1 andwmk respectively. For uplink
transmission, we pay more attention to the fairness of UEs and (20) aims
to improve the performance of UEs with poor connection strength.

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, some numerical results are provided to verify and
evaluate the performance of the RIS-aided CF massive MIMO systems.

γu
k =

ρuηk

(
M∑

m=1
wmkγmk

)2

ρu
K∑

k′=1

M∑
m=1

ηk′w2
mkγmkδmk′ + pτpρu

K∑
k′=1

∑
k′′∈Pk

M∑
m=1

M∑
m′=1

ηk′wmkwm′kcmkcm′ktr (Θmk′Θm′k′′)

+ρupτp
∑

k′∈Pk

M∑
m=1

ηk′w2
mkc

2
mktr

(
Θ2

mk′
)
+ ρupτp

∑
k′∈Pk\{k}

ηk′

(
M∑

m=1
wmkcmkδmk′

)2

+
M∑

m=1
w2

mkγmk

. (19)
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Fig. 1. CDF of the uplink sum net throughput against different systems with
the MR and GMR combining methods (M = 40, K = 10, N = 36, τp = 5,
dV = 1

2 λ).

Fig. 2. Uplink net throughput per UE versus the different number of APs
against different systems with the MR and GMR (K = 10, N = 36, τp = 5,
dV = 1

2 λ).

We assume that APs and UEs are uniformly distributed within an
1 × 1 km2 square area using the wrap-around deployment. The RIS is
deployed at the regional center. We set the carrier frequency is 1.9GHz.
Besides, each coherence block consists of τc = 200 corresponding to
a coherence bandwidth of 200 kHz and τp = 5 are reserved for pilot
transmission. We adopt the three-slope propagation model in [18] to
generate the large-scale fading coefficients with the log-normal shadow
fading with standard deviation 8 dB and the three slopes distance
thresholds are 10 m and 50 m. Without loss of generality, we set the
height of UEs, RIS, and APs as 1.65 m, 30 m, and 15 m, respectively.
The coefficient vu for each coherence time interval used for the uplink
data transmission is 0.5. The noise power is −92 dBm corresponding
to the noise figure as 9 dB. All UEs transmit uplink pilots and data with
100 mW and 200 mW. Besides, the uplink power control coefficient is
obtained in (20) and the fractional power control parameters α of MR
and GMR are 1 and 0.5 [17], respectively. As for the phase shift design,
the N elements phase shift is set equal to π/4.

Fig. 1 compares the CDF of the uplink sum net throughput for RIS-
aided CF massive MIMO and CF massive MIMO systems under random
UE and AP locations with the MR/GMR combining and FPC. It is clear
that the RIS-aided CF system has a significant gain over the CF system.
Meanwhile, GMR combining achieves a 1.7 times improvement at the
median compared with MR. When applying FPC, the performance of
MR can be improved by 1.6 times at 95%-likely points. In contrast,
FPC only brings a slight performance improvement to GMR.

Fig. 3. Uplink net throughput per UE versus the different number of RIS
elements against different systems with the MR and GMR (M = 40, K = 10,
τp = 5, dV = 1

2 λ).

Fig. 4. CDF of the uplink net throughput per UE against different systems with
the MR, GMR combining methods, and LSFD (M = 40, K = 10, N = 36,
τp = 5, dV = 1

2 λ).

Fig. 2 shows the uplink net throughput per UE as the function of
the number of APs M for different systems. It is clear that in the
fixed setting, the per UE uplink net throughput increases with the
number of APs M increases. In particular, the system performance
with GMR improves more significantly than MR. This reveals that in
the RIS-aided CF systems with GMR, we can always improve system
performance by increasing the number of APs as it can shorten the
potential communication distance between desired transceivers.

An interesting finding is shown in Fig. 3, that the effect of the RIS
elements number N on the per UE throughput. When increasing the
number of RIS elements, the performance of the RIS-aided CF system
decreases whereas the decline of GMR combining is less than that of
MR. This is because as the number of RIS elements increases, the
increase of δmk also leads to an increase in pilot contamination during
the channel estimation phase. Meanwhile, as the equivalent channels
of all UEs have been improved during the uplink data transmission
phase, interference among UEs has also increased as explained in
Remark 1. This is a problem caused by the CF system architecture
with distributed APs and more efficient processing methods, e.g., inter-
ference cancellation, that need to be considered to enhance the system
throughput.

Fig. 4 compares the CDF of the uplink net throughput per UE with the
MR/GMR combining and LSFD strategy. It is clear that the RIS-aided
CF system achieves a significant gain over the LSFD strategy. The
weight coefficient of LSFD can maximize the SE, as it is calculated from
the global CSI. However, the complexities for complex multiplications
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Fig. 5. CDF of the uplink net throughput per UE against different α with
the MR and GMR combining methods (M = 40, K = 10, N = 36, τp = 5,
dV = 1

2 λ).

of the LSFD are O( 1
3M

3 + (K + 3
2 )M

2 + 13
6 M) [13], which is much

higher than that of the GMR O((4˜K + 1)M). Therefore, the GMR
serves as a compromise approach that strikes a balance between com-
plexity and the system performance, especially in CF massive MIMO
systems with a large number of APs.

Fig. 5 shows the uplink net throughput per UE as the function of α
with the MR and GMR combining. It is clear that the system average
net throughput increases as the FPC parameter increases. However, the
proposed FPC only brings a slight performance improvement to the
GMR, since the optimized combining coefficients in the GMR have
already exploited most of the performance gain from the large-scale
information.

V. CONCLUSION

In this correspondence, we investigated the uplink performance of
the spatially correlated RIS-aided CF massive MIMO systems with the
GMR combining. We first derived the closed-form expression of the
uplink ergodic net throughput of the considered system to analyze the
system performance. We found that compared with the MR, the GMR
combining can significantly improve the system performance. Besides,
the FPC scheme was proposed to improve the system performance in
both the MR and GMR. Importantly, we found an interesting result that
with the increasing number of RIS elements, the system performance
decreases. In future work, we will consider the beamforming design and
spatial correlation of multi-antenna APs to enable the implementation
of RIS-aided CF massive MIMO networks.

APPENDIX A
PROOF OF THEOREM 1

The wmk in (19) denotes the m-th diagonal element of matrix Wk

which related to large-scale information as [19]

Wk = Q−1
k

(
K∑
i=1

akiΛi

)
Λ−1

k , (21)

where Qk =
∑K

i=1 Λi +
1
ρu

IM and Λk = diag(δ1k, δ2k, . . . , δMk).

aki is the (k, i)-th element of the matrix (A+ 1
M
IM )−1 andA is given

by

[A]ki =
1
M

M∑
m=1

δmkδmi(
K∑
i=1

δmi +
1
p

)(
K∑
i=1

δmi +
1
ρu

) . (22)

With GMR combining vmk=wmkûmk, the desired signal strength
is equal to

|DSu
k |2 =

(
√
ρuηkE

{
M∑

m=1

w∗
mkû

∗
mkumk

})2

(a)
=ρuηk

(
M∑

m=1

w∗
mkγmk

)2

. (23)

(a) is obtained because the estimated channel and the channel estimation
error are uncorrelated. The beamforming uncertainty (16) can be written
as

E
{
|BUu

k |2
}
= ρuηkE

⎧⎨
⎩

∣∣∣∣∣
M∑

m=1

χmk

∣∣∣∣∣
2
⎫⎬
⎭

=ρuηk

M∑
m=1

M∑
m′=1,m′ �=m

E {χmkχ
∗
m′k}

︸ ︷︷ ︸
T0

+ ρuηk

M∑
m=1

E
{
|χmk|2

}
︸ ︷︷ ︸

T1

,

where χmk = w∗
mkû

∗
mkumk − E{w∗

mkû
∗
mkumk}. Similar to [2], T0

and T1 can be computed and the expression of the beamforming
uncertainty as follows

E
{
|BUu

k |2
}
= ρuηk

M∑
m=1

w2
mkγmkδmk

+ ρuηk

M∑
m=1

pτpw
2
mkc

2
mktr

(
Θ2

mk

)
+pτpρuηk

∑
k′′∈Pk

×
M∑

m=1

M∑
m′=1

cmkcm′kw
∗
mkwm′ktr (ΘmkΘm′k′′). (24)

According to the repeated pilot set defined in Pk, we can divide the
second term in the denominator of (14) into two terms as follows

K∑
k′=1,k′ �=k

E
{
|UIuk′k|2

}
=

∑
k′/∈Pk

E
{
|UIuk′k|2

}
+

∑
k′∈Pk\{k}

E
{
|UIuk′k|2

}
.

Finally, we calculate the additive noise in (14) as follows

E
{
|NOUK |2

}
=

M∑
m=1

E
{
|w∗

mkû
∗
mkn

u
m|2

}
=

M∑
m=1

w2
mkγmk. (25)

Substituting the above results into (14) with the aid of some algebraic
manipulations and the results follow immediately.
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